Abstract. This article investigates the geometrically nonlinear free vibration of piezoelectric-piezomagnetic nanobeams subjected to magneto-electro-thermal loading taking into account size effect using the nonlocal elasticity theory. To this end, the sizedependent nonlinear governing equations of motion and corresponding boundary conditions are derived according to the nonlocal elasticity theory and the first-order shear deformation theory with von Kármán-type of kinematic nonlinearity. The effects of size-dependence, shear deformations, rotary inertia, piezoelectric-piezomagnetic coupling, thermal environment and geometrical nonlinearity are taken into account. The generalized differential quadrature (GDQ) method in conjunction with the numerical Galerkin method, periodic time differential operators and pseudo arclength continuation method is utilized to compute the nonlinear frequency response of piezoelectric-piezomagnetic nanobeams. The influences of various parameters such as non-dimensional nonlocal parameter, temperature change, initial applied electric voltage, initial applied magnetic potential, length-to-thickness ratio and different boundary conditions on the geometrically nonlinear free vibration characteristics of piezoelectric-piezomagnetic nanobeams are demonstrated by numerical examples. It is illustrated that the hardening spring effect increases with increasing the non-dimensional nonlocal parameter, positive initial applied voltage, negative initial applied magnetic potential, temperature rise and decreases with increasing the negative initial applied voltage, positive initial applied magnetic potential and length-tothickness ratio.
Introduction
Nanostructured elements such as nanobeams, nanoplates and nanoshells have been widely used as main components in nano-and micro-electro-mechanical systems (NEMS and MEMS). Especially, nano-sized structures made of the piezoelectric-piezomagnetic materials have attracted a great deal of attention in many research interests due to their outstanding inherent magneto-electro-thermo-mechanical coupling effects [1] [2] [3] [4] [5] [6] . As the typical component in the NEMS and MEMS, piezoelectric-piezomagnetic nanobeams, nanoplates and nanoshells have a wide range of applications in nano actuators, transducers, resonators and robotics [7] [8] [9] [10] [11] [12] . Hence, understanding the linear and nonlinear static and dynamic mechanical behaviors of piezoelectric-piezomagnetic nanostructures is essential for their applications. The investigation of geometrically nonlinear free vibration of piezoelectric-piezomagnetic nanostructures in the thermal environment is a major topic of current interest, which is utilized to fully realize the dynamic characteristic of piezoelectric-piezomagnetic nanostructures in the large amplitude vibrations.
There are some typical experiments such as nano/micro-bend test, nano/microtorsion test and micro/nano indentation test [13] [14] [15] [16] [17] [18] [19] and atomistic simulations [20] [21] [22] , which have reported the size-dependent mechanical characteristics of small-scale structures. Hence, it is of great signicance to consider the size effect in mechanical characteristics of piezoelectric-piezomagnetic nanostructures. Since the molecular dynamics simulations for large-scale nanostructures are restricted by computational capacities and conducting controlled experiments and operating precision at the nanoscale are difcult, the size-dependent continuum theories including the nonlocal elasticity theory [23] , strain gradient elasticity theory [24] , modified couple stress theory [25] , modified strain gradient theory [26] and surface stress elasticity theory [27, 28] have been proposed and have been widely utilized to develop the size-dependent beam, plate and shell models for the analysis of size-dependent mechanical characteristics of these small-scale structures [29] [30] [31] [32] [33] [34] [35] [36] [37] . Among these theories, the Eringen's nonlocal elasticity theory is commonly utilized to develop the nonlocal continuum models in which the effect of small scale parameter is incorporated.
Recently, several studies have been performed to study the size-dependent static and dynamic behaviors of nanostructures based on the nonlocal elasticity theory. More recently, the nonlocal theory has been extended to investigate the size-dependent mechanical behaviors of the piezoelectric-piezomagnetic nano-scale structures. Ke and his co-authors studied the size-dependent thermoelectric-mechanical free vibration [38] , geometrically nonlinear free vibration characteristics [39] and buckling and postbuckling [40] of piezoelectric nanobeams by means of the proposed linear and nonlinear Timoshenko beam models and nonlocal elasticity theory. Moreover, Ke et al. [41, 42] performed a series of studies to investigate the thermo-electro-mechanical vibration of piezoelectric nanoplates using the classical and first-order shear deformable plate theories. Asemi et al. [43] examined the geometrically nonlinear free vibration of piezoelectric nanoelectromechanical resonators. In another work, a nonlocal Love thin shell model was proposed by Ke et al. [44] to analyze the free vibration of piezoelectric cylindrical nanoshells under various edge supports. Moreover, a few studies have been performed on the piezoelectric-piezomagnetic nanostructures including nanobeams, nanoplates and nanoshells by means of nonlocal elasticity theory. Ke and Wang [45] examined the influence of the size effect, electric voltage and magnetic potential on the free vibration of a piezoelectric-piezomagnetic Timoshenko nanobeam. Ansari and Gholami [46] numerically investigated the free vibration characteristics of piezoelectric-piezomagnetic rectangular nanoplates with various boundary condition in the pre-and post-buckled states. Recently, Ke et al. [47, 48] analyzed the size-dependent free vibration of piezoelectricpiezomagnetic nanoplates and embedded nanoshells subjected to the magneto-electrothermo-mechanical loading.
Unlike nanostructures made of piezoelectric materials, the mechanical behaviors of nanostructures made of piezoelectric-piezomagnetic materials have not been extensively explored. Specifically, to the best of authors' knowledge, the size-dependent geometrically nonlinear free vibration characteristics of first-order shear deformable piezoelectric-piezomagnetic nanobeams with different boundary conditions and under magneto-electro-thermal loading have not been studied so far. In this regard, this study is intended to analyze the size-dependent geometrically nonlinear free vibration of the piezoelectric-piezomagnetic nanobeams by means of the nonlocal elasticity theory and von Kármán geometric nonlinearity. The nonlocal piezoelectric-piezomagnetic nanobeam model is developed based on the first-order shear deformation beam theory. The influences of small-scale effect, magneto-electro-thermal coupling effect, transverse shear deformation and rotary inertia are taken into account. The nonlinear partial differential governing equations of motion and corresponding boundary conditions are discretized using the generalized differential quadrature (GDQ) method. Afterwards, the numerical Galerkin method and the periodic time differential operators together with pseudo arc-length continuation scheme are conducted to obtain the nonlinear frequencyamplitude response curves associated with the geometrically nonlinear free vibration of the piezoelectric-piezomagnetic nanobeams with various edge supports. The effects of non-dimensional nonlocal parameter, temperature change, initial applied electric voltage, initial applied magnetic potential, length-to-thickness ratio and end supports on the nonlinear free vibration characteristics of piezoelectric-piezomagnetic nanobeams are investigated through various numerical examples.
Nonlocal theory for the piezoelectric-piezomagnetic elastic materials
As mentioned in Section 1, the nonlocal elasticity theory emerged from the Eringen [49] [50] [51] , which could potentially play an important role in the analysis of engineering problems related to nanotechnology applications, has been utilized in the mathematical formulation and mechanical analysis of nanostructures made of the piezoelectric-piezomagnetic elastic materials. According to the theory of nonlocal elasticity, the equivalent differential forms of the nonlocal constitutive equations for the piezoelectricpiezomagnetic elastic materials can be expressed as 
Nonlocal geometrically nonlinear piezoelectric-piezomagnetic nanobeam model
A first-order shear deformable piezoelectric-piezomagnetic nanobeam with length L, thickness h, area of cross section A and moment of inertia I subjected to thermo-electromagnetic loading is considered in the Cartesian coordinate system. Upon the firstorder shear deformation beam theory, the displacement field of an arbitrary point in the piezoelectric-piezomagnetic nanobeam can be expressed as
where u x and u z are the displacements parallel to the x-and y-axes, respectively; U and W represent the axial and transverse displacements of a given point in the mid-plane, respectively; Θ x denotes the rotation of beam cross-section with respect to y-axis and t is the time. According to the von Kármán type geometrical nonlinearity, the non-zero components of strain tensor based on the aforementioned displacement field (3.1) can be written as:
Assuming e 0 a to be equal to zero, Eq. (2.1) can be used to express the classical coupled constitutive relations for piezoelectric-piezomagnetic nanobeam under the hypothesis of plane stress state as follows: Moreover, E i and H i denote the electric and magnetic fields intensity, respectively. Utilizing the quasi-static approximation, the electric and magnetic fields intensity can be obtained as
where Φ and Ψ denote the scalar electric and magnetic potentials, respectively. Moreover, it is approximately assumed that the distributions of electric and magnetic potentials are as follows
in which β = π/h, V E and Ω H are the initial applied electric voltage and magnetic potential, respectively. Also, Φ E and Ψ H represent the spatial variation of the electric and magnetic potentials in the x-directions, respectively.
The strain energy of the first-order shear deformable piezoelectric-piezomagnetic nanobeams can be expressed as
where the normal resultant force N x , shear force Q x and bending moment M x in a section are expressed as
in which κ s is the shear correction factor. Moreover, the kinetic energy of piezoelectricpiezomagnetic nanobeam; Π T can be described as follows:
where {I 0 , I 2 } = ρ{A, I} and A = bh, I = (bh 3 )/12. The Hamilton principle is employed to derive the geometrically nonlinear governing equations of motion of first-order shear deformable piezoelectric-piezomagnetic nanobeams and associated with corresponding boundary conditions. Thus, the geometrically nonlinear governing equations are obtained as
Moreover, the corresponding essential and natural boundary conditions can be expressed as
The aforementioned governing equations are derived according to the classical shear deformable theory. Therefore, they are not capable of depicting the small-scale effect due to the lack of a material length scale parameter. Hence, the nonlocal elasticity theory is used to incorporate the material length scale parameter into account. According to the Eqs. (2.1), (3.2), (3.7) and (3.9), one can write the following nonlocal relations in a section of the piezoelectric-piezomagnetic nanobeams
where 
where
Introducing the following non-dimensional quantities
the non-dimensional form of size-dependent geometrically nonlinear governing equations (3.13) can be expressed as The electric potential and magnetic potential can be assumed to be zero at the two ends of the piezoelectric-piezomagnetic nanobeams. Therefore, the following boundary conditions can be considered for the piezoelectric-piezomagnetic nanobeams under various types of edge supports
for a clamped-clamped (C-C) edge supports,
for a simply supported -simply supported (SS-SS) edge supports and 
Numerical solution approach
In this section, an efficient numerical solution approach is utilized to solve the problem of the geometrically nonlinear free vibration of piezoelectric-piezomagnetic nanobeams. To this end, the GDQ method [52] [53] [54] as a high accurate and convergent strategy is utilized to discretize the nonlinear equations of motion and associated boundary conditions in the spatial domain. Afterwards, the numerical Galerkin method is applied to the aforementioned discretized equations to obtain a set of Duffing-type ordinary differential equations. Then, the periodic time differential operators are introduced to achieve a set of nonlinear algebraic parameterized equations. Finally, the set of nonlinear algebraic equations is solved by means of the pseudo arc-length continuation algorithm to calculate nonlinear frequency-response of piezoelectric-piezomagnetic nanobeams.
Discretization
Based upon the shifted ChebyshevGaussLobatto grid points, the discrete grid points in ξ i direction can be generated as 1) in which N is the number of total grid points in ξ-direction. Therefore, the discretized form of displacement components u, w, θ x , the electric potential φ and magnetic potential ψ can be expressed as follows:
The discretized governing equations of motion can be written in a matrix form as
in which field variables vector X, stiffness matrix K, mass matrix M and nonlinear part vector N(X) are defined as
Moreover, the components of N(X) can be expressed as
in which • denotes the Hadamard product (see the Appendix). Moreover, the weighting coefficients corresponding to the r-th-order derivative with respect to ξ can be calculated by means of the following equation where I x stands for a N × N identity matrix and
The boundary conditions can be discretized in a same way. For instance, the discretized counterpart of Eq. (3.11) corresponding to the nanobeams with C-C end support is given by
Duffing-type equations
A numerical Galerkin technique is utilized to covert the discretized nonlinear Eq. in which ω l denotes the linear frequency of piezoelectric-piezomagnetic nanobeams. After replacing the discretized boundary conditions elements associated with the boundary nodes in the aforementioned matrices and solving the obtained eigenvalue problem, the calculated linear mode shapes can be expressed as follows:
in which q is the reduced generalized coordinates. Also, Φ stands for a sparse matrix including the first m eigenvectors which is utilized as the base function in the numerical Galerkin technique. q and Φ are defined as follows
with
. in which
In the aforementioned equation, S ξ denotes the integral operator (see the Appendix). Therefore, by utilizing the numerical Galerkin method, the 5N general coordinates are reduced to 5m reduced coordinates in which m denotes the number of selected mode shapes. Another benefits of present numerical Galerkin technique are that this method can be easily applied to all kinds of edge supports in addition to the essential boundary condition, the natural boundary conditions can be satisfied and also the nonlocal effect is incorporated into the mode shapes. Therefore, the desire accuracy can be obtained by lower numbers of mode shapes and significantly lower computational efforts.
Solution procedure in the time domain
Introducing τ * = τ/T and Ω = 2π/T, Eq. (4.13) can be expressed as
To discretize Eq. (4.15) on the time domain, the discrete grid points in the time domain τ * can be generated as 16) in which N t stands for the number of discrete points on the time domain and must be an even number. Therefore, the discretized form associated with q in Eq. (4.10a) on the time domain can be expressed as follows
Now, the highly precise differentiation matrix operators which are calculated from the derivatives of periodic sinc function as base function in the spectral collocation method [55] are utilized to discretize the periodic problem (4.15) on the time domain. By means of Eqs. (4.15) and (4.17), one can write
T +KQ+K nl (Q) = 0, (4.18) in which D ( ) τ denotes the time differentiation matrix operator whose explicit formulation is defined as 19) in which D (2) τ is Teoplitz matrix. Considering the relation (B T ⊗ A)vec(X) = vec(AXB) in which A and B represent the constant matrices, X denotes an unknown matrix, vec(X) is the vectorization of matrix X and ⊗ stands for the Kronecker product (see the Appendix), the vectorized form of Eq. (4.18) can be expressed as
The preceding equation can be stated as the following set of nonlinear parameterized equations
that can be directly solved using the pseudo-arc length continuation technique [56] to obtained the nonlinear frequency-response of the piezoelectric-piezomagnetic nanobeams.
Results and discussion
On the basis of the proposed nonlocal nonlinear piezoelectric-piezomagnetic nanobeam model, the selected numerical results are presented on the size-dependent geometrically nonlinear free vibration of first-order shear deformable piezoelectric-piezomagnetic nanobeams with SS-SS, C-SS and C-C boundary conditions subjected to thermo-electromagnetic loadings. It is assumed that the nanobeam is made of the two-phase BiTiO 3 -CoFe 2 O 4 composites with the material properties given in Table 1 [45, [57] [58] [59] . The influences of the non-dimensional nonlocal parameter, temperature rise, initial applied voltage, initial applied magnetic potential and length-to-thickness ratio on the geometrically nonlinear free vibration characteristics of the first-order shear deformable piezoelectricpiezomagnetic nanobeams are discussed in detail. To check the accuracy of solution procedure for presented nonlinear analysis, the comparison of nonlinear frequency ratios (ω nl /ω l ) corresponding to various nondimensional maximum vibration amplitude (W max /r) for isotropic homogeneous beams with C-C and SS-SS edge supports obtained via the present solution and the direct iterative method given by Wu et al. [60] is provided in Table 2 . Herein, W max and r = (I/A) denote the maximum vibration amplitude and radius of gyration of the beam (I and A stand for the area moment of inertia and cross section area of beam with the rectangular cross-section). Excellent agreement is reached between the present results and those given by Wu et al. [60] , that shows the validation of the present solution methodology. Furthermore, in order to verify the convergence of the present mathematical formulation, numerical method and also check the validity and accuracy of the present analysis, the first three natural frequencies of a piezoelectric-piezomagnetic nanobeam with different boundary conditions related to various total numbers of grid points are provided and are compared with those of the natural frequencies given in [45] , as shown in Table 3 . A reasonable agreement between the present results and those of [45] is observed. Moreover, according to Table 3 , N = 15 is used for all of the following numerical calculations.
In the following figures, the frequency ratio (ω Nl /ω l ) versus the maximum vibration amplitude of piezoelectric-piezomagnetic nanobeam (w max ) is plotted. The nonlinear and linear frequencies are denoted by ω Nl and ω l , respectively. The non-dimensional maximum amplitude is expressed as the ratio of the maximum amplitude to the thickness of the piezoelectric-piezomagnetic nanobeam (i.e., w max = W max /h) and the frequency ratio is described as the ratio of the nonlinear frequency to the linear frequency of the piezoelectric-piezomagnetic nanobeam. Moreover, the linear frequencies are given for a direct comparison. Represented in Fig. 1 is the effect of the non-dimensional nonlocal parameter µ on the frequency-response of piezoelectric-piezomagnetic nanobeams with SS-SS, C-SS and C-C edge supports. In these figures, the nonlinear frequency curves associated with the classical piezoelectric-piezomagnetic beam model (µ = 0) are given for a direct comparison. The vibrating piezoelectric-piezomagnetic nanobeams exhibit a hardening spring type of nonlinearity and the hardening behavior is seen at large amplitude, i.e., for all types of boundary conditions, the increase of the vibration amplitude causes the increase of the frequency ratio. The non-dimensional nonlocal parameter has a considerable effect on the geometrically nonlinear free vibration characteristics. For all types of edge supports and at a given vibration amplitude, the increase of non-dimensional nonlocal parameter leads to the decrease of non-dimensional linear and nonlinear frequencies and the increase of the frequency ratio and the hardening behavior of nanobeams. Moreover, the non-dimensional nonlocal parameter has more considerable effect on the hardening behavior of C-C piezoelectric-piezomagnetic nanobeams, while a weak effect on the SS-SS nanobeams is observed. It shows the necessity of such a size-dependent beam model for the analysis of geometrically nonlinear free vibration of the piezoelectric-piezomagnetic nanobeams, especially for nanobeams with C-C end supports.
The effect of the temperature rise on the frequency-response of piezoelectricpiezomagnetic nanobeams is illustrated in Fig. 2 . Due to the introducing the compressive in-plane forces, an increase in the temperature change decreases the linear frequency of piezoelectric-piezomagnetic nanobeams and causes the increase of the hardening behavior of nanobeams. However, the increase of the temperature change has not a considerable effect on the linear frequency and frequency ratio of nanobeams.
The effect of initial applied negative and positive electric voltages on the frequency response of piezoelectric-piezomagnetic nanobeams with different edge supports is in- vestigated in Fig. 3 . Compared to the temperature change, it is seen that initial applied electric voltage has a considerable influence on the linear frequency, nonlinear frequency and typical hardening behavior of piezoelectric-piezomagnetic nanobeams. Because of the producing the compressive and tensile in-plane forces, respectively, the increase of the initial imposed positive and negative electric voltages decreases and increases the linear frequencies of nanobeams. Moreover, increasing the positive and negative electric voltages leads to a signicant increase and decrease in the typical hardening behaviors of nanobeams, respectively. This change is more considerable for piezoelectricpiezomagnetic nanobeams with SS-SS boundary conditions.
The effect of the initial applied magnetic potential on the frequency-response of piezoelectric-piezomagnetic nanobeams is also demonstrated in Fig. 4 . Both the linear and nonlinear frequencies of piezoelectric nanobeams decrease with increasing the negative initial applied magnetic potential. It is because that negative magnetic potential generates a compressive in-plane force in the nanobeams. Moreover, due to the introducing the tensile in-plane force, the stiffness of piezoelectric-piezomagnetic nanobeams increases as the positive magnetic potential increases. Therefore, the linear frequency increases and a decrease in the typical hardening behavior of nanobeams is observed, especially for the nanobeams with SS-SS edge supports.
The effect of length-to-thickness ratio (L/h) on the frequency-response of piezoelectric-piezomagnetic nanobeams with various edge supports is studied in Fig. 5 . For all types of boundary conditions, the increase of the length-to-thickness ratio causes a decrease in both linear and nonlinear frequencies of the piezoelectric-piezomagnetic nanobeams. Moreover, the typical hardening behavior of nanobeams decreases as the length-to-thickness ratio increases.
Conclusions
The geometrically nonlinear free vibration of piezoelectric-piezomagnetic nanobeams under the magnetic, electric and thermal loadings was investigated by means of a proposed nonlocal rst-order shear deformable beam model. To this end, utilizing the first-order shear deformation theory and nonlocal elasticity theory, the nonlocal governing differential equations of motion and corresponding boundary conditions were derived with considering the influences of size effect, shear deformations, rotary inertia, piezoelectric-piezomagnetic coupling, thermal environment and geometrical nonlinearity. Then, the GDQ method was used to discretize the set of nonlinear PDEs. Next, the discretized PDEs were transformed to the Dufng-type ODEs by means of the numerical Galerkin method. The periodic time differential operators and pseudo arc-length continuation method were employed to numerically solve the set of nonlinear algebraic parameterized equations. Finally, the influences of the non-dimensional nonlocal parameter, temperature change, initial applied electric voltage, initial applied magnetic potential, length-to-thickness ratio and various boundary conditions on the geometrically nonlinear free vibration characteristics of piezoelectric-piezomagnetic nanobeams were investigated. The main results can be given as:
1. The non-dimensional nonlocal parameter reduces the natural frequencies, but increases the nonlinear frequency ratios of the piezoelectric-piezomagnetic nanobeams. In other words, the classical models overestimate and underestimate the natural frequencies and nonlinear frequency ratios, respectively.
2. The hardening spring effect increases with increasing the non-dimensional nonlocal parameter and decreases with increasing the length-to-thickness ratio, which indicates the necessity of implementing a nonlinear analysis in lower length-tothickness ratios.
3. The natural frequencies of piezoelectric-piezomagnetic nanobeams decreases as the change in the temperature increases, but this change in the temperature has less significant effects on the nonlinear frequency ratio.
4. The positive and negative initial applied voltages decrease and increase the natural frequencies of piezoelectric-piezomagnetic nanobeams, respectively. Also, greater hardening effect is observed for the positive initial applied voltages.
